Mathematical Appendix
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A

Model Framework

A potential problem with the CD Project is that after random assignment, treatment and controls
were reassigned, compromising the original random assignment and making simple interpretation
of the evidence problematic. According to randomization protocol, the reassignment was based
on some observed characteristics (IQ at entry). Importantly, if these characteristics are related
to outcomes, then the differences in outcomes between the treated and untreated groups may had
occurred due to the compromising aspects of the randomization instead of the treatment itself. In
addition, there was some imbalance in the baseline variables among the three treatment groups
and the control group. Our inference method is conditioned on data, which corrects for this initial
imbalance. Moreover, we adopt a partial identification approach that uses all information on the
imperfectness of the randomization to make nontrivial inferences about the effect of the program
on outcomes in such settings. This section explains our method in detail.

A.1

The Evaluation Model

The fundamental evaluation model describes an observed outcome k for a person i, that is Yi,k .
Suppose a two-treatment model where Yi,k1 , Yi,k0 are the potential treatment or control outcomes
for person i. Let the random variable Di be the treatment assignment for person i that takes the
value 1 if treatment occurs and 0 otherwise. Thus the observed outcome Yi,k is defined by the
following equation:
Yi,k = Di Yi,k1 + (1 − Di )Yi,k0 .
The evaluation problem arises because either Yi,k1 or Yi,k0 is observed but not both. Non-experimental
analysis often encounter the problem of selection bias, when person i self-selects into treatment.
Under self-selection, the difference between Yi,k1 or Yi,k0 might not be a causal consequence of treatment itself, but rather due to a sorting effect. Ideally, RCT experiments are designed to solve the
self-selection problem by imposing independence between Yi,k1 , Yi,k0 and Di . In terms of standard
notation, these experiments guarantee that (Yi,k1 , Yi,k0 ) ⊥⊥ Di , where “⊥⊥” denotes independence.
The null hypothesis of no treatment effect for outcome k is translated by the equality in distrid

bution of the counterfactuals Yi,k1 , Yi,k0 for all participants i. Notationally, we write Hk : Yk1 = Yk0 ,
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where Yk1 , Yk0 , Yk are the vectors of pooled outcomes across agents i. Let D be the pooled vector
of treatment indicators. It is well known that if the null hypothesis is true and (Yi,k1 , Yi,k0 ) ⊥⊥ Di
holds for all i, then the outcome Yk is independent of the random vector of treatment status D. In
other words, hypothesis Hk is equivalently to Hk : Yk ⊥⊥ D.
Multiple Treatment Case

The two-treatment setup can be generalize to multiple treatment

by defining Di to be the treatment indicator that takes values in the set T = {1, · · · , T}, where T
is the total number of treatments. The observed outcome is then defined by:

Yi,k =

X

1[Di = t] · Yi,kt .

t∈T

In the case of no bias selection nor compromises, the no-treatment hypothesis is still defined by
Hk : Yk ⊥⊥ D. In our case, each element of the vector D takes values on {1, 2, 3}, associated with
treatments NS, HS and DI respectively.

Compromises

Generally ignored by the literature is that compromises in the randomization

protocol may undermine the use of Hk : Yk ⊥⊥ D as a test for equality in distribution between
counterfactuals {YkD : D ∈ T }. If compromises create a dependence between some background
variables Z and treatment status D, then the cross-dependence between Z and Y can invalidate
the hypothesis Hk : Y ⊥⊥ D for testing treatment effects. We correct for this potential problem by
accounting for the implemented randomization. Specifically, valid inference is obtained by using
exchangeability properties that arise from the implemented randomization. This way we are able
to reproduce the true relationship between D and background variables Z. To this end, we need to
model the details of the compromised randomization. We discuss the source of compromises and
in the CD Project and propose a general statistical framework that accounts of these compromises.

A.2

Setup and Notation

The randomization protocol focuses the eldest sibling per family of waves 6 though 7, as the
participants of wave 5 and 8 were used only as transitional group to homogenize the controlled
conditions of treatments. Thus, let the set of families participating in the CD Project of waves 6
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and 7 be indexed by the set I for each i ∈ I, let j ∈ Ji denotes the jth siblings in the ith family.
Let the treatment status D = (Di : Di ∈ T , i ∈ I) be the vector of treatment status for the eldest
sibling per family. Let the vector of outcome k be denoted by Yk = (Yi,j,k : i ∈ I, j ∈ Ji ), where
outcomes are indexed by K = {1, . . . , K}. Let the pre-program variables used in the randomization
protocol be denoted by:
Zi,j = (Wi,j , Mi,j , Ei,j ) s.t. i ∈ I, j ∈ Ji ;
Where W is a wave indicator that ranges from 6 to 8, M is a gender indicator, 1 for male, 0 for
female, and B is an ethnicity indicator, 1 for Blacks, 0 otherwise. We Denote the observed data
by:
XK = (Yi,j,k , Zi,j : i ∈ I, j ∈ Ji , k ∈ K)
and let P be the distribution of the observed and unobserved data, (X, D) ∼ P . Let Pk be defined
by the rule:
P ∈ Pk ⇐⇒ Yk ⊥⊥ D|Z.
We are interesting in testing the |K|-set of null hypothesis:

Hk : P ∈ Pk for each k ∈ K.

(1)

The alternative hypothesis is the unrestricted version of hypothesis (1). Let K0 (P ) ⊂ K denote the
set of true null hypotheses, i.e.,
k ∈ K0 (P ) ⇐⇒ P ∈ Pk ,
that is, k ∈ K0 (P ) if and only if Hk is true. Our goal is to test the family of null hypotheses (1) in
a way that controls the Familywise Error Rate (FWER) at level α, that is,

FWERP = P {reject any Hk with k ∈ K0 (P )} ≤ α .

(2)

Remark A.1. Since randomization is imperfect in our setting, testing even a single null hypothesis
in a way that controls the probability of a Type-I requires the careful study of the randomization protocol to characterize the the statistical properties that are valid for D|Z under the null
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Hypothesis.
Remark A.2. Controlling for familywise error rate avoids making “too many” false rejections. Other
options of controlling for type-I probability error in a multivariate set up are the false discovery
proportion or . See, e.g., Lehmann and Romano (2005) and Dudoit and Van der Laan (2008).

A.3

Sources of Compromises

There are two main challenges on treatment inference: (a) the small sample data precludes the
use of asymptotic theory to perform inference and (b) there is uncertainty surrounding the steps
of the randomization protocol. We solve the small sample problem by relying on small sample
theory which uses some exchangeability property that arises from the implemented randomization
protocol. In doing so, we avoid the use of potentially unreliable asymptotic theory. We build our
analysis on a general model of randomization that provides a theoretical basis for examining the
CD Project compromises. We solve the the uncertainty on the steps of the randomization protocol
by a twofold approach: (a) we explore the statistical features that remain valid under uncertainty
of the randomization protocol; and (b) we adopt a conservative approach that bounds the the
test statistics whether lack of information limits the assessment of the distribution of treatment
assignments.
Let D̃ = (D̃i : i ∈ I) be the intermediate treatment assignment that comprises steps 1-3 of the
randomization protocol for families whose eldest children belong to Waves 6 and 7. D̃ is simply the
the random vector of treatment assignments previous to the reassignments defined in step 4 of the
randomization protocol, that occurred in wave 7 only. As mentioned, let D be the final random
variable of treatment assignments that arises from these reassignments over D̃.. Treatments NS,
DI and HS are associated with numbers 1, 2 and 3, thus the support of D̃ and D is {1, 2, 3}|I| .
Our inference approach stems from three ideas.
1. We show that elements of D̃ are exchangeable among participants that have the same values of
background variables used in the randomization protocol, namely ethnicity, wave and gender.
2. We use the fact that D̃ is equiprobable under the bijective transformation of treatment assignments per wave, that is, D̃ outcomes are equally likely if the treatment indexes {1, 2, 3}
are transformed by any bijective function within each wave;
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3. We account for the uncertainty on the switches of treatment status for balancing IQ at wave
7 by a conservative approach that bounds the test statistics;

Randomization

A general mechanism that describes the randomization assignments D can be

written as a deterministic function M that casts on observed variables of participants Z, and
random variables R that participate on the randomization protocol. The random variables R are
associated with the randomly chosen treatments after the classification of candidates per wave,
gender and ethnicity. Notationally, we write:

D̃ = M(Z, R)

(3)

D = δ(D̃, IQ, W )

(4)

where IQ = (IQi : i ∈ I) is the vector of Stanford-binet scores for the eldest sibling of families
on waves 6 and 7 and W represents wave. The function δ is partially unknown. It represents the
reassignments of participants in wave 7 to to balance the overall IQ means for waves 6 and 7 jointly.
Remark A.3. The uncertainty of our model stems from the fact that both functions, M and δ, are
only partially known.
Remark A.4. The randomization mechanism could had used unobserved variables of participants if
(a) variables used in the randomization protocol were not reported; or if (b) reassignments of initial
treatment status were done due to participants requests. None of these facts occurred according to
the randomization description. See Heckman et al. (2008) for an examine where the randomization
that cast on unobserved variables.
We now define some group entities that will be useful to fully explore the statistical features of
the implemented randomization protocol.
Definition A.1. Permutation Group is the algebraic structure consisting of the set G of permutation functions g (i.e., g : I → I; g is a bijection ), together with a permutation operation + that
combines any two of G elements to form a third element in G. Operator + is defined by the the
function composition, that is ∀ g, g 0 ∈ G, g + g 0 ≡ g ◦ g 0 ∈ G.
Remark A.5. Note that G and the operation + satisfy the group axioms, namely closure, associa6

tivity, identity and invertibility. Proof is trivial and is skipped for sake of brevity. The Permutation
Group is also finite and symmetric.
Definition A.2. Permutation Group Action: the action of the Permutation Group describes the
symmetries of objects (sets, vectors) using the group. Namely, let X be a set, then a (left) group
action of G on X is a binary function G × X → X denoted by (g, x) 7→ g · x that satisfy two
axioms: (a) (g + g 0 ) · x = g · (g 0 · x) for all g, g 0 ∈ G and x ∈ X; (b) gI · x = x for every x ∈ X
(where gI denotes the identity element of G). Set X is called a (left) G-set and the group G is said
to act on X (on the left). Since each element of G is a permutation function, a group action is
also known as a permutation. In special, we define:
g · x ≡ (x0 : x0i = xg(i)

∀ i ∈ I).

A group action is a flexible notion of group properties that allows the same group to act on
several different sets.
Remark A.6. Possible X sets for the G group action are D, Z or another mathematical entity
associated with the participants indexing set I.
Assumption A.1. Function M, is an equivariant map of D and Z of the group G, that is, M is
a function between D and Z that commutes with the action of the group G. Specifically, D and Z
are two associated G-sets such that the function M such that

∀ g ∈ G and ∀ Z ∈ supp(Z), (M(g · Z, R) = g · M(Z, R))|R = r.

Assumption A.1 just states that, conditioned on a draw of R, swaps of participants observed
variables Z are associated with symmetric swaps of the final output vector. In other words, the
mechanism is not sensitive to the ordering of participants when we control for wave and all the
observed variables used in the randomization.
Let a Permutation Subgroup GZ

G be the collection of all permutation functions that swap

elements of I if the associated participants share the same value of observed variables Z. Formally,
we define:
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Definition A.3. Permutation Subgroup is the algebraic structure consisting of the set GZ of
permutation functions gZ such that

gZ : I → I; gZ is a bijection such that g(i) = j ⇒ Zi = Zj ,

together with a the permutation operation + that combines any two of GZ through function composition.
As a consequence, the action of Permutation Subgroup in Z is an identity, that is, ∀ gZ ∈
GZ , gZ · Z = Z.
Remark A.7. The permutation subgroup satisfy the group axioms and is contained in the permutation group. We skip the proof for sake of brevity.
Theorem A.1. The Exchangeability Property: under Assumption A.1,
d

gZ · D̃ = ·D̃

∀ gZ ∈ GZ .

Proof.

Pr(gZ D̃ ∈ A) = P r(gZ · M(Z, R) ∈ A)
= E(1[gZ · M(Z, R) ∈ A])
= E(1[gZ · M(Z, R) ∈ A|R])
= E(1[M(gZ · Z, R) ∈ A|R]) by Assumption A.1
= E(1[M(Z, R) ∈ A|R])
= Pr(D̃ ∈ A)

Theorem A.1 states a useful exchangeability property of the random variable D̃: elements of D̃
are exchangeable among participants that have the same values for background variables Z.
Remark A.8. The exchangeability property of Theorem A.1 for any unknown function M and for
any configuration of random variables R used in the randomization.
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We now explore the fact that the treatment assignments were randomly assigned conditioned
on the margins of the contingency tables shown in Table ??. We define a new group that is useful
for this task:
Definition A.4. Assignment Group is the algebraic structure consisting of the set GA of permutation functions gA such that
gA : [1, 2, 3]8 → [1, 2, 3]8 ; gA is a bijection,

where the operator + is simply the function composition of elements in GA .
Each element of the Assignment Group Set GA comprises twelve permutations functions from
the set {1, 2, 3} to itself. For notation clarity, we use the following equations:

gA = [g s : s = {1, · · · , 8}] ∀ gA ∈ GA
such that g s : [1, 2, 3] → [1, 2, 3] is a bijection ∀ s ∈ {1, · · · , 8}

(5)
(6)

We summarize participant’s information on gender ethnicity and wave by the index S:

S = (Si : i ∈ I; and Si = (Wi − 5) + 2 · Ei + 4 · Mi ),

where W takes values on {6, 7} and is wave indicator for the eldest sibling of each family participation in the CD Project; M and E take values on {0, 1} and are the vectors of gender and ethnicity
respectively. Note that index s of functions gA as well Si ∀ i ∈ I take values on {1, · · · , 8}.
Definition A.5. Assignment Group Action: the (left) group action of GA on [supp(D̃), supp(W )]
is a function GA × [supp(D̃), W ] → supp(D̃) denoted by (gA , [D̃, W, Ge, E]) 7→ gA · D̃, such that
Ii
gA · D̃ ≡ (D0 : Di0 = gA
(D̃i ); ∀ i ∈ I),

Each value of j uniquely specifies a possible configuration of wave, ethnicity and gender.
Assumption A.2. D̃ is equiprobable under bijection transformation of treatment status NS, DI
and HS per wave, ethnicity and gender.
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Assumption A.2 follows directly from the description of the randomization protocol. Recall that
D̃ is characterized by the following steps: (a) eldest siblings of waves 6 and 7 were partitioned into
8 groups based on gender, ethnicity and wave; (b)then each group was divided into three subgroups
generating 8 contingency tables; (c) finally, treatment status was then randomly assigned for each
of category of these contingency tables. As a consequence of this last step, the treatment labels for
each contingency table are exchangeable and the permutation of such labels are equally likely.
Formally, Assumption A.2 can be written in terms of the Assignment Group Action. Let
d ∈ supp(D̃), gA ∈ GA . Thus by Assumption A.2:

P r(D̃ = d) = P r D̃ =

8 X
3
X

!
1[S = s] · 1[d = t] · g s (t)

s=1 t=1

= P r(D̃ = gA · d)

where 1[X = x] is an indicator vector whose i-th element takes value 1 if Xi = x and 0 otherwise.
Theorem A.2. Under Assumptions A.1 and A.2, the distribution of D̃ is invariant under the
composite action of GA × GZ .
−1
−1
· gA ∈ GA
∈ GA , such that gA
Proof. Let d ∈ supp(D̃). Let also gA ∈ GA , by group axioms, ∃ gA
−1
is a bijection.
is the identity. Moreover, gA

P r((gA · gZ ) · D̃ = d) = P r(gA · (gZ · D̃) = d)
= P r(gA · D̃ = d) by Theorem A.1
−1
−1
= P r(gA
· gA · D̃ = gA
· d)
−1
= P r(D̃ = gA
· d)

= P r(D̃ = d) by Assumption A.2

Assumption A.2 is also called randomization hypothesis and arises as a consequence of the
randomization protocol as implemented.
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We now analyze the uncertainty on the reassignment function δ. Observe that even though
permutations g ∈ G are valid for D̃, they are not all valid for D.
Remark A.9. The reassignment function δ only assessed the IQ mean across groups, thus a subset
of permutations Gδ ⊂ G that do not change the IQ means for waves 6 and 7 is still valid for D.
The orbits of permutations in Gδ is considerable small, that is to say that a large portion of
participants are never permuted according to elements of Gδ . Consequently, the power of a test
that relies on Gδ is very weak. To solve this problem we adopt a conservative approach that
uses all permutations on G for possible candidates of D̃ that could had generate D. If the true
reassignment rule δ were known, we could obtain D̃ by reversing the reassignments of the actual
treatment status D. The conditional distribution of D̃ is uniform across elements of {g D̃ : g ∈ G}.
In particular, random draws of g D̃ serve as the distribution of D̃ conditional on Z (see Theorem
15.2.2 in Lehmann and Romano (2005)). Consequently, we could obtain the conditional distribution
of D by applying the assignment rule δ. Unfortunately, the reassignment rule is partially unknown.
We account for the uncertainty on δ by using a conservative approach. We do inference that
generates the highest critical values among possible candidates of D̃ that would genrate D acording
to the limited information on δ. This way, we bound the critical value that would arise if δ were
known and control for the probability of a false rejection. Formally, let the set
δ −1 (D|IQ, W ) = {d ∈ supp(D̃) : D = δ(d, IQ, W )}

(7)

be the possible vector of treatment effects that would generate D upon δ conditional on the observed data on IQ and wave. The construction of the set δ −1 (D|IQ, W ) comply with all reveled
characteristics of function δ, that is:
1. It swaps participants that share same background variable on gender, wave and ethnicity;
2. Swaps were implemented only on wave 7.
3. Swaps were made due to an imbalance of treatment IQ means that rise in wave 6, thus the
maximum of the IQ mean difference across treatment groups in wave 6 (or greater) are not
acceptable.
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4. The maximum of the IQ mean difference across treatment groups in wave 6 and 7 jointly (or
smaller) are acceptable.
5. Swaps attain to the single-switch property described in Section ??.

A.4

Testing a Single Null Hypothesis

For L ⊆ K, consider the problem of testing

HL : P ∈

\

Pk , that is, Hk is true for k ∈ L

(8)

k∈L

in a way that controls the probability of a false rejection at level α, that is,

P{reject HL } ≤ α whenever HL is true .

(9)

Denote the data associated with hypothesis HL as XL and consider any test statistic TL =
TL (XL , D) for which large values of TL provide evidence against the null hypothesis. Note that
here we have assumed that the test statistic only depends on XL rather than XK , again, L ⊆ K1 .
To test hypothesis (8) we use permutation methods tailored to the available information of the
implemented randomization. Let g m , m = 2, . . . , M be an i.i.d. sequence of permutations in G.
Define the the test statistic TLm (d) by:
for each d ∈ δ −1 (D|IQ, W ), let
TLm (d) = TLm (XLm , d);
For notation purposes, adopt TL1 as the test statistics based on the actual data XL , that is TL .
Theorem A.3. The statistics TLm (d), m = 1, . . . , M are (conditionally) exchangeable for d ∈
δ −1 (D|IQ, W ) such that D = δ(d, IQ, W ).
Proof. We waive the proof due to its simplicity.
1

This assumes no-cross variable restrictions of the outcomes Y in L \ K with the outcome in K.
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(m)

Define T̄L , m = 1, . . . , M as the ordered values of test statistics
T̄Lm =

max

d∈δ −1 (D|IQ,W )

TLm (d),

thus:
(1)

(M )

T̄L ≤ · · · ≤ T̄L

.

(m)

In the same manner, define TL (d), m = 1, . . . , M as the ordered values of test statistics
TLm (d) ,

m = 1 , . . . , M.

Let cL (α) be the (1 − α) highest quantile of T̄Lm , m = 1, . . . , M ; . Notationally,
(d(1−α)M e)

cL (α) = T̄L

,

(10)

and dxe means the smallest integer greater than or equal to x.
Remark A.10. Observe that for all d ∈ δ −1 (D|IQ, W ),

cL (α) ≥ cL (α)(d),

where
(d(1−α)M e)

cL (α)(d) = TL

(d).

In this notation, we may now state the following result:
Theorem A.4. Assumptions A.1 and A.2, let M ≥ 2 and 0 < α < 1 be given. Then, the test that
rejects HL whenever
TL > cL (α) ,
satisfies (9).
Proof. Suppose HL is true. Then, for some d∗ ∈ δ −1 (D|IQ, W ), TL1 (d∗ ), . . . , TLM (d∗ ) are (uncondi-
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tionally) exchangeable. Hence,

P {TL > cL (α)}

=
=
=
=

≤ P {TL > cL (d∗ , α)}
h n
oi
(d(1−α)M e)
E 1 TL > TL
(, d∗ )
##
" "
M
o
1 X n (m) ∗
(d(1−α)M e)
∗
m
∗ M
1 T
(d ) ≥ TL
(d ) | {TL (d )}m=1
E E
M
m=1
 

M − (d(1 − α)M e)
m
∗ M
E E
| {TL (d )}m=1
M
1
(M − d(1 − α)M e)
M

≤ α.

A.5

Testing Multiple Null Hypotheses

We now return to the problem of testing the family of null hypotheses (1) in a way that satisfies
(2). We use a stepdown multiple testing procedure. The terminology reflects the fact that our
procedure begins with the most significant null hypothesis and then “steps down” to less significant
null hypotheses. The argument for the validity of our procedure follows the arguments given in
Romano and Wolf (2005), who provide general results on the use of stepdown multiple testing
procedures for control of the FWER.
In order to describe the procedure based on critical values for each k ∈ K, let Tk (d) be any test
statistic for testing Hk for some d ∈ δ −1 (D|IQ, W ). We use lowercase subscripts to denote single
outcomes and capital subscripts to denote sets of outcomes. As mentioned, large values of Tk (d)
provide evidence against the null hypothesis. For any L ⊆ K, define

TL (d) = max Tk (d)
k∈L

(11)

and let cL (α), defined by (10), be the corresponding critical value for testing HL using TL as
described in Section A.4. Using this notation, we now describe the testing procedure using the
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following algorithm:
Algorithm 1.

Step 1: Let L1 = K. If
TL1 ≤ c̄L1 (α) ,
then stop. Otherwise, reject any Hk such that Tk > c̄L1 (α), and define the set L2 of indexes in
L1 which respective test statistics are less than the critical value associated with L1 . Formally,
set
L2 = {k ∈ L1 : Tk ≤ c̄L1 (Σ, α)}
and go on to Step 2.
..
.
Step n: If TLn ≤ c̄Ln (Σ, α) , then stop. Otherwise, reject any Hk such that Tk > c̄Ln (Σ, α),
set Ln+1 = {k ∈ Ln : Tk ≤ c̄Ln (Σ, α)} and go on to Step n + 1.
..
.
The following result shows that Algorithm 1 controls the FWER at level α.
Theorem A.5. Suppose data XK with distribution P described in Section ??. Let M > 0 and
0 < α < 1 be given. Then Algorithm 1 satisfies (2).
Proof. Assume without loss of generality that K0 (P ), the set of indices corresponding to true null
hypotheses, is nonempty. Suppose Algorithm 1 leads to at least one false rejection. Let n̂ be the
smallest step at which a false rejection occurs. Then, it must be the case that

Tk > c̄Ln̂ (α)
for some k ∈ K0 (P ). But, by the minimality of n̂, it must also be the case that

K0 (P ) ⊆ Ln̂ ,
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since for any d ∈ δ −1 (D|IQ, W ),
cK0 (P ) (d, α) ≤ cLn̂ (d, α)
we have that
cK0 (P ) (α) ≤ cLn̂ (α) .
Hence,
TK0 (P ) ≥ Tk > c̄Ln̂ (α) ≥ cK0 (P ) (α) .
It follows that
FWERP ≤ P {TK0 (P ) > cK0 (P ) (α)} ≤ α ,
where the final inequality follows from Theorem A.4.
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